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Abstract
The n-dimensional star graph Sn belongs to a class of bipartite graphs, and it is recognized as
an attractive alternative to the hypercube. Since S1, S2, and S3 have trivial structures, we focus our
attention on Sn with n4 in this paper. Let F(Sn) be the set of vertex faults. Previously, it was
shown that when |F(Sn)|n− 5, Sn with n6 can embed a longest fault-free path of length at least
n!− 2|F(Sn)|− 1 (respectively, n!− 2|F(Sn)|− 2) between two arbitrary vertices in different partite
sets (respectively, the same partite set) [Longest fault-free paths in star graphs with vertex faults,
Theoretical Computer Science 262 (2001) 215–227]. In this paper, we improve the above result by
tolerating more faults (|F(Sn)|n − 3) to embed a longest fault-free path between two arbitrary
vertices in Sn, n4.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Interconnection networks; Fault-tolerant embedding; Longest fault-free paths; Star graphs
1. Introduction
In recent decades, there are quite a few interconnection networks (networks for short) pro-
posed to serve as the underlying topologies of large-scale multiprocessor systems [2,5,13].
Among them, the star graph [1] has been recognized as an attractive alternative to the
hypercube, which possesses many favorable topological properties such as recursiveness,
symmetry, maximal fault tolerance, sub-logarithmic degree and diameter, and strong
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resilience. Besides, the star graph can embed rings [9,14,15,20,23], meshes [21], trees [4],
and hypercubes [19]. Throughout this paper, we use network and graph, processor and
vertex, and link and edge, interchangeably.
Path embedding is especially important in parallel computation. Previously, a number of
parallel algorithms that can be executed on linear arrays have been developed [3]. Therefore,
these algorithms can be executed as well on a parallel architecture using an embedded path.
On the other hand, ﬁnding a longest fault-free path between two arbitrary vertices can
be used in dual-path and multi-path multicast routing algorithms to alleviate congestion or
avoid deadlock incurred by traditional tree-basedmulticast algorithms in parallel computing
system [6,18].
Since processor and link faults may happen when a network is put in use, it is signiﬁcant
to consider faulty networks. Previously, the problem of fault-free path (or ring) embedding
on a faulty star graph has been studied in [8,9,11,12,15,17,23]. LetF(Sn) be the set of vertex
faults in a given n-dimensional star graph Sn. Latiﬁ and Bagherzadeh [15] showed that a
fault-free ring of length n! − m! (provided all vertex faults belong to an m-dimensional
star graph) can be embedded in Sn, where mn is minimal. Tseng et al. [23] showed
that a fault-free Hamiltonian cycle can be embedded in Sn with n − 3 edge faults. They
also showed that a fault-free ring of length at least n! − 4|F(Sn)| can be embedded in Sn
with |F(Sn)|n − 3. The above result was improved by lengthening the fault-free ring
from n! − 4|F(Sn)| to n! − 2|F(Sn)| when |F(Sn)|n − 3 [8,9]. Hsieh et al. [11] also
showed that when |F(Sn)|n − 5, Sn with n6 can embed a fault-free path of length at
least n! − 2|F(Sn)| − 1 (respectively, n! − 2|F(Sn)| − 2) between two arbitrary vertices
in different partite sets (respectively, the same partite set). A result to embed a longest
fault-free path in a star graph with edge faults was discussed in [12,17].
In this paper, we utilize a different approach to improve Hsieh et al.’s [11] result by
showing that when |F(Sn)|n− 3, Sn with n4 can embed a fault-free path of length at
least n! − 2|F(Sn)| − 1 (respectively, n! − 2|F(Sn)| − 2) between two arbitrary vertices in
different partite sets (respectively, the same partite set). Since an n-dimensional star graph
is regular of degree n− 1 and is bipartite with two partite sets of equal size [14], our result
is optimal in the worst case with respect to both the length of the embedded path and the
number of tolerable vertex faults.
The rest of this paper is organized as follows. In Section 2, we give some necessary
deﬁnitions and notations.Ourmain result is shown in Section 3. Finally, this paper concludes
with some remarks in Section 4.
2. Preliminaries
This paper considers ﬁnite, simple and undirected graphs G = (V (G),E(G)), where
V (G) and E(G) are the vertex and edge sets of G, respectively. A graphG = (V0 ∪V1, E)
is bipartite if V0 ∩ V1 = ∅ and E ⊆ {(a, b)| a ∈ V0 and b ∈ V1}. Hypercubes [16] and star
graphs [1] are both bipartite graphs. Given vertices x and y, we say that x and y are in the same
partite set if x, y ∈ Vi or in different partite sets if x ∈ Vi and y ∈ V1−i for i ∈ {0, 1}. A
path ofG is a sequence of vertices, denoted by P [v1, vk] = (v1, v2, . . . , vk), such that vi−1
and vi , 2 ik, are adjacent in G and v1, v2, . . . , vk are distinct except the possibility that
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v1 = vk . A cycle is a path (v1, v2, . . . , vk) with v1 = vk , k4. A path (respectively, cycle)
in G is a Hamiltonian path (respectively, Hamiltonian cycle) if it contains every vertex
of G exactly once [7]. G is Hamiltonian if it contains a Hamiltonian cycle. In subsequent
discussion, a path between vertices X and Y are abbreviated to an X–Y path.
We use Sn to represent an n-dimensional star graph.
Deﬁnition 1. The vertex set of Sn is denoted by {a1a2 . . . an|a1a2 . . . an is a permuta-
tion of 1, 2, . . . , n}. Vertex adjacency is deﬁned as follows: a1a2 . . . an is adjacent to
aia2 . . . ai−1a1ai+1 . . . an for all 2 in.
The vertices of Sn are n! permutations of 1, 2, . . . , n, and there is an edge between two
vertices of Sn if and only if they can be obtained from each other by swapping the leftmost
number with one of the other n − 1 numbers. Clearly, Sn is regular of degree n − 1. S1 is
a vertex, S2 is an edge, and S3 forms a ring of length six. Unless particularly speciﬁed, we
assume n4 throughout this paper. Sn is recursive, and it contains Sr for 1rn − 1.
Conveniently, Sn can be represented with 〈∗ ∗ · · · ∗〉n, where ∗ denotes a “donot care”
symbol. An Sr that is contained in Sn can be represented with 〈x1x2 · · · xn〉r , where x1 = ∗,
xi ∈ {∗, 1, 2, . . . , n} for 2 in, and exactly r of x1, x2, . . . , xn are ∗. For example,
〈∗ ∗ ∗3〉3, which contains six nodes 1243, 1423, 2143, 2413, 4123, and 4213, represents
an S3 that is contained in S4. In other words, 〈∗ ∗ ∗3〉3 is a subgraph of S4 induced by
{1243, 1423, 2143, 2413, 4123, 4213}. An Sr that is an induced subgraph of Sn is called an
embedded Sr of Sn.
Deﬁnition 2. An i-partition on 〈x1x2 . . . xn〉r is to generate r embedded Sr−1’s, denoted by
〈x1x2 . . . xi−1qxi+1 . . . xn〉r−1,where 2 in,xi = ∗, andq ∈ {1, 2, . . . , n}−{x1, x2, . . . ,
xn}.
The vertex sets of these r embedded Sr−1’s form a partition of the vertex set of 〈x1x2 . . .
xn〉r . For example, after a 3-partition on 〈∗∗∗15〉3, three embedded S2’s, i.e., 〈∗∗215〉2, 〈∗∗
315〉2, and 〈∗∗415〉2, can be generated. Two embeddedSr ’s 〈x1x2 . . . xn〉r and 〈y1y2 . . . yn〉r
are adjacent if there exists 2jn so that xj = ∗, yj = ∗, xj = yj , and xi = yi for
all 1 in and i = j . For example, 〈∗ ∗ 23〉2 is adjacent to 〈∗ ∗ 13〉2. For a vertex
u /∈ 〈x1x2 . . . xn〉r , we say that u is adjacent to 〈x1x2 . . . xn〉r if u is adjacent to some vertex
of 〈x1x2 . . . xn〉r .
An embedded Sr can be regarded as a super-vertex, named an r-vertex. Imaginarily,
there is a super-edge, named an r-edge, between two adjacent r-vertices.
Lemma 1. An r-edge between two adjacent r-vertices comprises (r − 1)! edges.
Proof. Straightforward. 
Note that a 1-vertex is a vertex of Sn, and a 1-edge is an edge of Sn.
Deﬁnition 3. SupposeA1 = 〈a1a2 . . . ai−11ai+1 . . . an〉n−1, A2 = 〈a1a2 . . . ai−12ai+1 . . .
an〉n−1, . . . , An = 〈a1a2 . . . ai−1nai+1 . . . an〉n−1 are n(n − 1)-vertices that result from
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executing an i-partition on Sn for some 2 in, where aj = ∗ for all j = 1, 2, . . . , i −
1, i + 1, . . . , n. We say that (n − 1)-vertices Aj1 , Aj2 , . . . , Ajl , where 2 ln, form an
(n − 1)-path, denoted by Pn−1[Aj1 , Ajl ] = [Aj1 , Aj2 , ..., Ajl ] if Aji is adjacent to Aji+1
for all 1 i l − 1.
After executing an i-partition, Sn is partitioned into n(n − 1)-vertices A1, A2, . . . , An.
Since every two of the n(n− 1)-vertices are joined with an (n− 1)-edge, Sn can be viewed
as a complete graph of n(n − 1)-vertices. Throughout this paper, we use Kn−1n to denote
the complete graph. Actually, each vertex of Kn−1n is an (n − 1)-vertex and each edge of
Kn−1n is an (n − 1)-edge. For convenience, we use label i to denote the vertex in Kn−1n
representingAi . Recall that an r-vertex is an embedded Sr and an r-edge comprises (r−1)!
edges of Sn.
In this paper, we consider faulty Sn, that is Sn with faulty vertices. An r-vertex is faulty if
it contains one or more faulty vertices, and an r-path is faulty if one or more of its r-vertices
are faulty, where 1rn. A vertex (r-vertex, r-path) is fault-free if it is not faulty. A path
is fault-free if it does not contain any faulty vertex. Recall that F(Sn) is the set of vertex
faults. For an embedded Sr of Sn, let F(Sr) be the set F(Sn) ∩ V (Sr), where V (Sr) is the
vertex set of Sr .
In the remainder of this section, we provide a simple method to obtain a dimension
k, 2kn, such that after executing a k-partition on Sn with 2 |F(Sn)|n − 3, each
resulting (n− 1)-vertex contains at most |F(Sn)| − 1 vertex faults.
Lemma 2. Suppose that 2 |F(Sn)|n − 3. There exists a position k so that after ex-
ecuting a k-partition on Sn, each resulting (n − 1)-vertex contains at most |F(Sn)| − 1
vertex faults.
Proof. Let k (= 1) be a position where at least two vertex faults differ. A k-partition is then
executed on Sn to produce n(n − 1)-vertices, and F(Sn) is partitioned so that two vertex
faults fall into the same subset if and only if they belong to the same (n− 1)-vertex. 
For example, if F(Sn) = {431256, 451236}, k may be set to 2 or 5.
3. Longest fault-free paths
Our purpose in this section is to construct a longest fault-free path between two arbitrary
fault-free vertices s and t in Sn with |F(Sn)|n−3.When s and t are in different partite sets
(respectively, the same partite set), the constructed path has length at least n!−2|F(Sn)|−1
(respectively, n!−2|F(Sn)|−2). By analyzing all possible cases using a computer program,
we have the following result.
Lemma 3. Suppose that s and t are two arbitrary distinct fault-free vertices in S4 with
|F(S4)|1.Then,S4 can embeda fault-free s–t path of length4!−2|F(S4)|−1 (respectively,
4! − 2|F(S4)| − 2) if s and t are in different partite sets (respectively, the same partite set).
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Example 1. Assume that 1234 is a faulty vertex of S4. For two arbitrary distinct vertices s
and t, the worst cases occur when the length of a longest s–t path equals 21 (respectively,
20) if s and t are in different partite sets (respectively, the same partite set). After exhaustive
searching by a computer program, we have the following results:
1. There are totally 132 pairs of distinct vertices whose longest path length equals 21. For
example, (3214, 2314) is one of such pairs.
2. There are totally 55 pairs of distinct vertices whose longest path length equals 20. For
example, (3214, 3124) is one of such pairs.
For a vertex w = w1w2 . . . wn in Sn, an i-neighbor of w, 2 in, is the vertex wiw2 . . .
wi−1w1wi+1 . . . wn. For a path P, let |P | be the length of P. For a graph G with its vertex
faults F(G), letG−F(G) be the resulting graph obtained by deleting the vertices of F(G)
from G. The following key lemma is useful to the proofs of Lemmas 5 and 6.
Lemma 4. Suppose that |F(Sn)|n− 3 and let A1, A2, . . . , An be n (n− 1)-vertices ob-
tained by executing a k-partition on Sn,n5, such that for each 1 in, |F(Ai)| |F(Sn)|
−1. If s ∈ V (Aq1) and t ∈ V (Aqh), q1 = qh, are in different partite sets, andAi−F(Ai) can
embed a fault-free path of length (n− 1)!− 2|F(Ai)|− 1 between two arbitrary vertices of
different partite sets ofAi , then a fault-free s–t path of lengthh(n−1)!−2 ∑hi=1 |F(Aqi )|−1
can be embedded in Sn, where h2.
Proof. After executing a k-partition on Sn, a Kn−1n resulted. Clearly, there is an (n − 1)-
path (q1, q2, q3, . . . , qh−1, qh) in Kn−1n . By Lemma 1, there are (n − 2)! edges between
any two consecutive (n − 1)-vertices in the above path. That is, there are (n − 2)! ver-
tices in Aqi which are adjacent to Aqi+1 . Moreover, these (n − 2)! vertices can be par-
titioned into two equal-size sets such that (n − 2)!/2 vertices are in each partite set. By
the above observations and the fact that |F(Sn)|n − 3, we can ﬁnd a fault-free ver-
tex vq1 ∈ V (Aq1) adjacent to Aq2 such that s and vq1 are in different partite sets and the
k-neighbor of vq1 , say uq2 , are fault-free. Furthermore, we can also determine fault-free ver-
tices vq2 ∈ V (Aq2), vq3 ∈ V (Aq3), . . . , vqh−1 ∈ V (Aqh−1) adjacent to Aq3 , Aq4 , . . . , Aqh ,
respectively, such that vq1 , vq2 , vq3 , . . . , vqh−1 are in the same partite sets and their k-
neighbors uq2 uq3 , uq4 , . . . , uqh , respectively, are fault-free. Note that uqh = t because
uqh and s are in the same partite set. Let s = uq1 and t = vqh . Since uqi and vqi for
1 ih, are in different partite sets, by assumption of the lemma, Aqi contains a fault-free
path Pqi [uqi , vqi ] of length (n− 1)! − 2|F(Aqi )| − 1 for 1 ih. Therefore, we can con-
struct the following fault-free path from s to t: Pq1 [uq1 , vq1 ] ⊕ (vq1 , uq2)⊕Pq2 [uq2 , vq2 ] ⊕
(vq2 , uq3)⊕ · · · ⊕ (vqh−1 , uqh)⊕ Pqh [uqh, vqh ] of length
∑h
i=1 |Pqi [uqi , vqi ]| + (h− 1) =
h(n − 1)! − 2∑hi=1 |F(Aqi )| − h + (h − 1) = h(n − 1)! − 2∑hi=1 |F(Aqi )| − 1, where
the symbol ⊕ means the path-concatenation operation 1 . 
In the following lemma, we discuss the general situation that a faulty Sn can embed a
longest fault-free s–t path when s, t are in different partite sets. For any two vertices a and
b of a path P, let Psub[a, b] be the subpath of P between a and b.
1 This operator is used for constructing paths throughout this paper.
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Lemma 5. Suppose that |F(Sn)|n− 3 and s, t are in different partite sets, where n4.
Then, Sn can embed a fault-free s–t path of length n! − 2|F(Sn−1)| − 1.
Proof. The lemma can be proved by induction on n. The base case of n = 4 holds
by Lemma 3. Assume that the result holds on Sn−1. We now consider Sn for n5. If
|F(Sn)|1, then an arbitrary partition can be executed on Sn. Otherwise, 2 |F(Sn)|n−
3. By Lemma 2, we can execute a k-partition, for some 2kn, on Sn to formKn−1n such
that each (n − 1)-vertex Ai , 1 in, contains at most n − 4 vertex faults. By induction
hypothesis, Ai can embed a longest fault-free path of length (n − 1)! − 2|F(Ai)| − 1 be-
tween two arbitrary vertices in different partite sets. Let s ∈ V (Aq1) and t ∈ V (Aqn) be
two vertices in different partite sets, where q1, qn ∈ {1, 2, . . . , n}. Consider the following
two cases:
Case 1: q1 = qn = q. That is, s and t are in the same (n − 1)-vertex. By induction
hypothesis, there is a fault-free s–t path P of length (n− 1)!− 2|F(Aq)|− 1 inAq . Clearly,
we can ﬁnd a fault-free edge (x, y) of P, such that the k-neighbors of x and y, denoted by x′
and y′, respectively, are both fault-free. The reason is explained below: If no such an edge
exists, then
|F(Sn)|
⌈
(n− 1)! − 2|F(Aq)| − 1
2
⌉

⌈
(n− 1)! − 2(n− 4)− 1
2
⌉
> n− 3
for n5.
Note that P = Psub[s, x] ⊕ (x, y)⊕ Psub[y, t]. Let x′ ∈ Aq2 and y′ ∈ Aqn−1 . Since x and
y are in different partite sets, so x′ and y′ are in different partite sets and q2 = qn−1. By
Lemma 4, there is a fault-free x′–y′ path P ′ going through all (n − 1)-vertices but Aq ,
which has length (n− 1)(n− 1)! − 2(|F(Sn)| − |F(Aq)|)− 1. Therefore, a fault-free s–t
path of Sn can be constructed as Psub[s, x] ⊕ (x, x′)⊕ P ′ ⊕ (y′y)⊕ Psub[y, t]. It is easy
to verify that this path has length n! − 2|F(Sn)| − 1.
Case 2: q1 = qn. That is, s and t are in different (n−1)-vertices. SinceKn−1n is a complete
graph, we can ﬁnd a Hamiltonian path (q1, q2, . . . , qn) in Kn−1n . By Lemma 4, there is a
fault-free s–t path of length n(n− 1)! − 2 ∑ni=1 |F(Aqi )| − 1 = n! − 2|F(Sn)| − 1 in Sn.
By combining the above two cases, the result holds. 
In the following lemma, we discuss the general situation that a faulty Sn can embed a
longest fault-free s–t path when s, t are in the same partite set.
Lemma 6. Suppose that |F(Sn)|n− 3 and s, t are in the same partite set. Then, Sn can
embed a fault-free s–t path of length n! − 2|F(Sn−1)| − 2, where n4.
Proof. The lemma can be proved by induction on n. The base case of n = 4 holds by
Lemma 3. Assume that the result holds on Sn−1. We now consider Sn for n5. As with
the argument similar to that of Lemma 5, we can execute a k-partition, for some 2kn,
on Sn to form Kn−1n such that each (n− 1)-vertex Ai contains at most n− 4 vertex faults.
Let s ∈ V (Aq1) and t ∈ V (Aqn) be two vertices in the same partite set, where q1, qn ∈{1, 2, . . . , n}. Consider the following cases:
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Case 1: q1 = qn = q. By induction hypothesis, there is a fault-free s–t path P of length
(n − 1)! − 2|F(Aq)| − 2 in Aq . As with the reason similar to that described in case 1 of
Lemma 5, we can ﬁnd a fault-free edge (x, y) of P, such that the k-neighbors of x and y,
denoted by x′ and y′, respectively, are both fault-free. Then, P = Psub[s, x] ⊕ (x, y) ⊕
Psub[y, t]. Let x′ ∈ Aq2 and y′ ∈ Aqn−1 . Clearly, x′ and y′ are in different partite sets and
q2 = qn−1. By Lemma 4, there is a fault-free x′–y′ path P ′ going through all (n − 1)-
vertices butAq , which has length (n−1)(n−1)!−2(|F(Sn)|− |F(Aq)|)−1. Therefore, a
fault-free s–t path of Sn can be constructed as Psub[s, x]⊕ (x, x′)⊕P ′ ⊕ (y′y)⊕Psub[y, t].
Moreover, the path has length n! − 2|F(Sn)| − 2.
Case 2: q1 = qn. Assume that s = s1s2 . . . sn. We ﬁrst ﬁnd a Hamiltonian path (q1, q2,
. . . , qn) inKn−1n such that s1 = q2. This ensures that s is not adjacent to the (n− 1)-vertex
Aq2 = 〈a1a2 . . . ak−1q2ak+1 . . . an〉, where ai = ∗ for all i = 1, 2, k − 1, k + 1, . . . , n.
Since the number of vertices which are located in the same partite set with x and which are
adjacent toAq2 equals (n−2)!/2 > n−3 for n5, it is not difﬁcult to ﬁnd a fault-free vertex
vq1(= s) ∈ V (Aq1) such that its k-neighbor, say uq2 , is fault-free, and the three vertices s, t
and vq1 are in the same partite set. By the induction hypothesis, there is a fault-free s–vq1
path P of length (n−1)!−2|F(Aq1)|−2 inAq1 . Since uq2 and t are in different partite sets,
by Lemma 4, there is a fault-free uq2–t path P ′ going through all the (n − 1)-vertices but
Aq1 , which has length (n− 1)(n− 1)! − 2(|F(Sn)| − |F(Aq1)|)− 1. Therefore, a desired
s–t path P ⊕ (vq1 , uq2) ⊕ P ′ of length |P | + 1 + |P ′| = ((n − 1)! − 2|F(Aq1)| − 2) +
1+ ((n− 1)(n− 1)! − 2(|F(Sn)| − |F(Aq1)|)− 1) = n! − 2|F(Sn)| − 2 can be embedded
in Sn.
The above discussion completes the proof. 
Combining Lemmas 5 and 6, we have the following main result.
Theorem 1. Suppose that s and t are two arbitrary distinct fault-free vertices in Sn
with |F(Sn)|n − 3, where n4. Then, Sn can embed a fault-free s–t path of length
n! − 2|F(Sn)| − 1 (respectively, n! − 2|F(Sn)| − 2) if s and t are in different partite sets
(respectively, the same partite set).
Since Sn is regular of degree n−1 and is bipartite with two partite sets of equal size [14],
our result is optimal (in the worst case) with respect to both the length of the embedded
path and the number of tolerable vertex faults.
4. Discussion and conclusion
Since faults may happen when a network is put in use, it is practically meaningful and
important to consider faulty networks. In this paper, we embedded a longest fault-free path
between two arbitrary distinct vertices of Sn, n4, with at most n − 3 vertex faults. This
improves the previous best-known result [11] which can embed a longest fault-free path
between two arbitrary distinct vertices on Sn, n6, with at most n− 5 vertex faults.
A longest fault-free ring can result if the two end vertices are adjacent. As with our result,
longest fault-free linear arrays or rings can be emulated in Sn with up to n− 3 vertex faults.
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Previously, a number of parallel algorithms that can be executed on linear arrays have been
developed [3]. Those algorithms can be executed as well on Sn with up to n − 3 vertex
faults. On the other hand, a ring structure, which is a fundamental topology for parallel and
distributed processing, is suitable for local area networks and for the development of simple
parallel algorithms with low communication cost [22]. A ring structure can also be used as
a control/data ﬂow structure for distributed computation in arbitrary networks.
In [10], Hsieh et al. introduced the concept of stronglyHamiltonian laceability. A bipartite
graph G = (V0 ∪ V1, E) is strongly Hamiltonian laceable if there is a Hamiltonian path
between two arbitrary vertices in different partite sets, and there is a path of length |V0| +
|V1| − 2 between two arbitrary vertices in the same partite set. Incidentally, our result
provides an alternative proof that a star graph without vertex faults is strongly Hamiltonian
laceable. An earlier proof appeared in [10].
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